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I. INTRODUCTION 


x (/?, 5; X\\jj oo)|0), 


( 2 . 1 ) 


In describing high energy reactions, we need two sets of 
important quantities, the parton distribution functions (PDFs) 
and the fragmentation functions (FFs). The former is used 
to describe the hadron structure and the latter describes the 
hadronization process. In a quantum field theoretical formu¬ 
lation, both PDFs and FFs are defined via the correspond¬ 
ing quark-quark correlator. The quark-quark correlator is de¬ 
fined as a matrix depending on the hadron states. It is then 
decomposed into different components expressed in terms of 
the basic Lorentz covariants and the scalar functions. These 
scalar functions contain the information of the hadron struc¬ 
ture and/or hadronization and are called the corresponding 
PDFs or FFs. In many cases in literature, specific compo¬ 
nents of the PDFs and/or FFs are introduced whenever needed, 
sometimes with different conventions and/or notations. With 
the development of the related studies, it is necessary and use¬ 
ful to make a systematic study and present a complete set of 
such results. The results for three dimensional PDFs of the nu¬ 
cleon defined in this way are presented in [1] in a systematical 
way. Since usually different types of hadrons with different 
flavors and spins are produced in a high energy reaction, FFs 
are therefore much more involved and perhaps even more in¬ 
teresting. Specific recent discussions can also be found e.g. in 
[2-13], 

The purpose of this note is to present the systematic results 
for three dimensional FFs for hadrons with spin 0, 1/2 and 1 
obtained from the quark-quark correlator. We briefly describe 
the general procedure of deriving the results from the quark- 
quark correlator in Sec. II and present the results for hadrons 
with different spins in Sec. III. We make a summary and a 
discussion in Sec. IV. 


II. GENERAL PROCEDURE OF THE DECOMPOSITION 

Similar to that describes hadron structure, for quark frag¬ 
mentation, the quark-quark correlator is defined as, 

H f}{kp-p,S) = 2- 2 / Ae“ ! ^<0|r(0; oo)^,.(0)1/2,5; Y> 


where k F and p denote the 4-momenta of the quark and that 
of the hadron respectively, S denotes the spin of the hadron. 
£{£, oo) is the gauge link that is given by [13], 


-C(£°°) = Pe 


? C dr\ 


= 1 + ig J' dt) A + (ij ;f\£j_)) 


+ (ig) 


J' dtj 1 J' di} 2 A + (rj 2 ;f h ,^ ± )A + (r/ 1 ;f h ,^ ± ) 

( 2 . 2 ) 


It is clear that the correlator given by Eq. (2.1) satisfies the 
following constraints imposed by hermiticity and parity con¬ 
servation, i.e.. 


S m (k F ; p,S) - y°t {0) (k F \p, S )y°, 

H (0) (A: F ;p,S) = r 0 H (0 >fe;p,S p )7 0 , 


(2.3) 

(2.4) 


where a tilded vector means A 1 ' = A fl , and S /> means the po¬ 
larization vector or tensor after space reflection. Unlike that 
for hadron structure, because of the presence of the gauge link 
and final state interactions between It and X, time reversal puts 
no such simple constraint on the correlator E (0 \k F ; p, S ). 

The correlator ’EP\k F \p, S) defined by Eq. (2.1) depends 
on the 4-momentum k F . The three dimensional FFs or the 
transverse momentum dependent (TMD) FFs are defined via 
the three dimensional quark-quark correlator H (0, (z, k F± ; p,S) 
obtained from a^°\k F ,p,S) by integrating over kf , i.e. [13], 


Z a)) (z,k F± \p,S) 




/ 


p + dk*dk F 
(2 nf 


2n6(k F - p + /z)z. (0 \k F , p, S ) 


E-^-d 2 ^e- i(p+r 0|X + (0; oo)t/<0)| p, S ; X) 
2n 


x( P ,s-,xm)£(z-,oom, 


(2.5) 


where z = p + /k F is the longitudinal momentum fraction 
defined in light cone coordinates. Here we use the light- 
cone coordinate and define the light-cone unit vectors as h = 
(1,0,0j_), n — (0,1,0j_) and n _ L = (0,0,1). We choose the 
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hadron’s momentum as z-direction so that p is decomposed as 
= P + n> 2 + ^ nP. 

The three dimensional or TMD FFs are obtained from 
E ®\z,k Fx , p,S) by decomposing it in the following steps. 
First, we note that E a)) (z,k F -, p, S) is a 4 x 4 matrix in Dirac 
indices and expand it in terms of the gamma matrices, F = 
{I, iy 5 , y“, 75 f, ia^ys), i.e„ 


p is usually decomposed as [6], 

p = ^(1 + + 3 T ij X ij ), (2.8) 

where, X' is the spin operator of spin-1 particle, and I'/ = 
j(X'X j + X j X') - |l 6 ,j . The spin polarization tensor T lj = 
Tr(pX' 7 ), and is parameterized as, 


E {0) (z,k Fx ,p,S ) = ^E ( -°\z,k x ;p,S) + iy 5 E < - 0 \z,k x ;p,S) 

+ y a 2 -a\z, k x ,p,S) + y 5 y a E^{z, k x ,p,S ) 

+ icr afl y 5 E ( ^(z, k x ,p, S)]. (2.6) 

The coefficient functions are given by, 

S (0)[r] (z, k Fx ■ p,S) = ^Tr[rS (0) (z, k Fx ■ p, S )] 

= ^Xf ^-H X e-^ r,trirA ^ 

x(p,S; oo)|0)r(0|i: t (0; oo)^(0)|p, 5; X), (2.7) 

where S (0)|T J represents respectively E (0) , E (0) , E®, E^ 0) and 
E^ for different T’s. Together with the demands imposed by 
the hermiticity and parity invariance [Eqs. (2.3) and (2.4)], the 
Lorentz invariance demands that all the corresponding coeffi¬ 
cient functions are real and are Lorentz scalar, pseudo-scalar, 
vector, axial-vector and tensor respectively. Furthermore, the 
tensor E® is anti-symmetric in Lorentz indices and odd un¬ 
der space reflection which implies that it can be made out of a 
vector and an axial-vector. 

Second, we expand these coefficient functions according to 
their respective Lorentz transformation properties in terms of 
the basic Lorentz covariants constructed from basic variables 
at hand. They are expressed as the sum of the basic Lorentz 
covariants multiplied by scalar functions of z and k 2 F± . These 
scalar functions are the TMD FFs. 

Clearly, the basic Lorentz covariants that we can construct 
depend strongly on what basic variable(s) that we have at 
hand. Besides the 4-momenta p and k F , we have the vari¬ 
ables describing the spin states. Such variables are different 
for spin-0, 1/2 or 1 hadrons. We therefore obtain different re¬ 
sults for hadrons with different spins. 

In the case of spin-0 hadron production, the independent 
variables that can be used are the 4-momenta p a and k Fxa , 
and the unit vector n a that specifies the direction of the gauge 
link. 

For spin-1/2 hadrons, the polarization is described by a 2x2 
spin density matrix p that is usually decomposed as p — (1 + 
S ■ <?)/2, where if is the Pauli matrix, and S is the polarization 
vector, ft is usually represented by the covariant form S = 
(0, S) in the rest frame of the hadron. This means that in this 
case, besides p a , k Fxa , and n a , we have an axial vector S that 
can be used to construct the basic Lorentz covariants. 

For spin-1 hadrons, the polarization is described by a 3 x 3 
density matrix p. In this case, in the rest frame of the hadron. 


T = - 

2 


C , C XX 

- 2 ^ LL • ^ jj 

s xy 


' LT 


c x y c x \ 

° TT ° LT 

_ 2 r _ o xx c y 
LL ^ tt ^ TT 

Sir ¥ 


>LL 7 


(2.9) 


We see that, for spin-1 hadrons, besides the polarization vec¬ 
tor S , we also need a tensor polarization part. The polarization 
vector is similar to that for spin-1/2 hadrons. The tensor polar¬ 
ization part has five independent components that are given by 
a Lorentz scalar Sll, a Lorentz vector Sl T — (0, S X LT , S' IT , 0) 
and a Lorentz tensor S Fr that has two nonzero independent 
components S ^ = -Sy T and S j T = Sy T . This means that for 
spin-1 hadrons, the quark-quark correlator S (0) can be written 
as the sum of a polarization independent part E y - 0) , a vector 
polarization dependent part E' /(0) and a tensor polarization de¬ 
pendent part S r(0) , i.e, 

Z m (z,k Fx , P ,S) =Z u( -°\z,k Fx ,p ) + E V(0 \z,k Fx -p,S) 

+S r{0) (z,k Fx ,p,S). (2.10) 


Formally, the spin independent part is exactly the same as that 
for spin-0 hadrons, the vector polarization dependent part is 
the same as that for spin-1/2 hadrons. This means also that 
we only need to study each part separately. For spin-0 or un¬ 
polarized hadron production, we need then only the unpolar¬ 
ized part S u( -°\z,k Fx ’, p ), for spin-1/2 hadrons, both the spin 
independent part E ul0) (z, k Fx \ p) and the vector polarization 
dependent part E v< ®(z, k Fx ; p,S) contribute. The tensor po¬ 
larization dependent part E T(0 \z,k Fx \p,S) contributes only 
in the case of spin-1 hadron production. We present the re¬ 
sults in next section. 


III. TMD FFS FOR HADRONS WITH DIFFERENT SPINS 


In this section, we present the results for the decomposition 
of the quark-quark correlator Eq.(2.5). 


A. Spin-0 

In the case of spin-0 hadron production, only the spin in¬ 
dependent part S U{<y> (z,k Fx , p) contributes. The independent 
variables that can be used to construct the basic Lorentz co¬ 
variants are p a , k Fxa , and n„. The basic Lorentz convari- 
ants that we can construct from them are: one Lorentz scalar 
p 1 - M 2 , no pseudo-scalar, three Lorentz vectors, p, k Fx and 
n, one axial vector s Xa pk^ F± , and three anti-symmetric and 
space reflection odd Lorentz tensors P[ P s Xa y 3 k /3 F± , e Xpa and 
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n[pS ±a yjk! 3 F± . Hence, the general decomposition of the spin 
independent part of the quark-quark correlator is given by. 


: Z m \z,k Fx ,p) = ME(z,k Fx ), 

(3.1) 

■Z m \z,k Fx ,p) = 0, 

:S^ (0) (z, k Fx , p) = p + n a D x (z , k Fx ) + k Fxa D ± (z, k Fx ) 

(3.2) 

M 2 

+ — n a Dr,(z,k Fi _), 

(3.3) 

P 


■B^°\z,k F± -p) = e Xa/i l4 ± G x (.z,k Fx ), 

(3.4) 

:E^ 0) (z, k Fx ; p) - - " lrf '^ ll3kr± Hf(z,k Fx ) + Ms Xpa H(z,k FX ) 


^[p^±a]pk^^H^ (z, k FX ), (3-5) 


where e Xp(T = e a p pa -n a rfi, and the commutation symbol 
A^B^ = A p B a - A a B p . Here, we note in particular that, 
compared with the corresponding h component, the n x and n 
components are suppressed by M/ p + and ( M / p + ) 2 and con¬ 
tribute at twist-3 and twist-4 respectively. We see that there 
are 8 unpolarized TMD FFs, 2 of them contribute at twist-2, 4 
at twist-3 and the other 2 at twist-4 level. 

The notation used here takes the following convention: D, 
G and H are for unpolarized, longitudinally polarized and 
transversely polarized quarks, those defined via the scalar and 
pseudo-scalar are denoted by E\ a number in the subscripts 
specifies the twist: 1 for twist-2, no number for twist-3 and a 
3 for twist-4; we will also use different symbols in the sub¬ 
scripts to denote the polarization of the produced hadron such 
L and T in the vector polarization case and LL , LT or TT in 
the tensor polarization case; a ± in the superscript denotes that 
the corresponding basic Lorentz covariant is k Fx -dependent. 

If we decompose the quark field in Eq. (2.7) into the sum of 
the right- and left-handed parts, i.e., i// = i//r + if/L with = 

i(l + ys)^. We see that for Y = I, iy$ and icr^ys, i^rFi/^ and 
if/iYi/jR are non-zero. So the terms related to them (i.e., the £”s 
and the FTs) correspond to helicity-flipped quark structure and 
are called chiral-odd (y-odd). Similarly, for Y - y° and y 5 y a , 
4>iX4 >l and faYfa are non-zero. Hence, the terms related to 
them (i.e. the D' s and the G’s) do not flip the quark helicity 
and are y-even. We also recall the properties of the fermion 
bilinears under time-reversal T, i.e., 

ipiy^, tf/y a ^, (ffy5y„^, i/r} 

=>{i jnp, - \jjiys\fi, ifty a ip, if/y^ij/, ijticr^ysi//}. (3.6) 


Using this, we can determine whether a component of FF de¬ 
fined via quark-quark correlator given by Eqs. (3. 1-3.5) is time 
reversal even (T-even) or odd (T-odd) according to the time re¬ 
versal behavior of the corresponding basic Lorentz covariant. 
In this way, we find out that G p , Ilf, H and /If are T-odd, 
all the others in Eqs. (3. 1-3.5) are T-even. We also note that 
they are usually referred as “naive T-odd” or “naive T-even” 
because the interactions between the produced hadron h and 
the rest X can destroy simple regularities so all of them can 
exist in a practical hadronization process. 

If we integrate over d 2 k Fx , terms with k Fx odd Lorentz 
structures vanish. We obtain, 


p) = ME(z), (3.7) 

zS w(0) (z; p) = 0, (3.8) 

M 2 

p) = p + n a D\{z) + —n a Di(z), (3.9) 

zS^ (0) (z;p) = 0, (3.10) 

zS^(z;p) = Ms ±pa H(z), (3.11) 


where the one dimensional FF is just equal to the correspond¬ 
ing three dimensional one integrated over d'kp j_. We see that 
there are only 4 left and the number density D\(z) is the only 
leading twist, 2 of them contribute at twist-3 and the other one 
at twist-4. 


B. Spin-1/2 

For spin-1/2 hadrons, the vector polarization dependent 
part contributes. We have, besides p a , k Fxa , and n a , the polar¬ 
ization vector S to use to construct the basic Lorentz covari¬ 
ants. The polarization vector S is decomposed as, 

n + A/f 

S p = A—h p + Sf - A - n p , (3.12) 

M T 2p + 

where A denotes the helicity of the hadron and S r — (0,0,5 -/■) 
denotes the transverse polarization. 

We build the S -dependent basic Lorentz covariants with the 
corresponding properties under space reflection as demanded 
and obtain the general decomposition of the S -dependent part 
of the quark-quark correlator as. 


zH y(0) (z, k FX ,p,S) = e^^SfEfiz, k F± ), 

k F .l 'Sr,, , , ,i 
-E r (z, k Fx ) J, 


zE y(0) (z, k Fx , p, S) = M[AE L {z, k F± ) 


M 


zS a (0 \z,k F± ;p,S) = p + n 


s± P o-k p F _ L Sf 


M 


Of r (z, k Fx ) + Ms ±ap S p T D T (z, k Fx ), 


■ Fr ap Kr\ AD f{z, k F± ) 


'it 
k Fx ■ S t 


l M 

lA’i (z., k FX ) | + Fp(T k p p ^S - p l)y p (z., k Fx 


(3.13) 

(3.14) 


M 


(3.15) 
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zZ v a (0 \z,k F± -p,S ) = P + h a [AG lL (z,k F± ) + kF± M Sr Gf T (z,k F± )\ + MS Ta G T (z,k F± ) 

■Si 


k F ± a \AG^(z, k F± ) + m — G F (z,k F± ) J + — -na^AGniz, k F± ) + —— Gu(z, 


zZpa\z, k F± ; p,S) = p + n [p S Ta ]Hu(z, k F± ) + 
+ 


p + n [p k, 


F_Lo'] 


\AHf L (z,k F± )- 


k F ± -S T „j_ 


M L L M 

k F ±\pSTa\H F (z, k F± ) + n [p n,,^M AH L {z, k F± ) + k F± ■ S T H' F {z,k F± )\ 

+ ^r{n^S Ta] H 3T (z,k F± ) + U[pk ^ a] [AH$ L {z,k FA _) + T H^ T (z,k F± )]}. 


M 

Hf T (z, &F_l)] 


(3.16) 


(3.17) 


We see that there are 24 vector polarization dependent TMD FFs, 6 of them contribute at twist-2, 12 at twist-3 and the other 6 at 
twist-4 level. Among them, 8 are naive T-odd (E p , El, E f , Df T , I) p , />/ , I) p and Df T ), and the other 16 are T-even. 


If we integrate over d 2 k F± , only 8 survive, i.e., 

zZ V{0 \z;p,S) = 0, (3.18) 

zH V(0) (z; p,S) = AME l (z), (3.19) 

zS^ (0) (z; p,S) = Me ±ap S p T D T (z), (3.20) 

M 2 

zE^°\z-, p,S) = Ap + n a G lL {z) + MS Ta G T (z ) + A—n a G iL (z), (3.21) 

P + 

, M 2 

z ^T ( pa( z ’ P'S) = P + n\P S Ta]H\ T {z) + AMh\ J) ri n:] H L (z) + —«[ P ST a ]H 3T (z), (3.22) 


where the one dimensional FF is just equal to the corresponding three dimensional one integrated over d 2 k Fl _ with the following 
four exceptions. 


O r (z) = J 


(3.23) 

G r (z) = J 

(In) 2 ( Gr(z ’ kF±)+ 2M i G ^’M’ 

(3.24) 

H u <z) = 


(3.25) 

Hyr(z) = 


(3.26) 


We see that, in the one dimensional case, for the vector polarization dependent part, we have totally 2 leading twist FFs, they 
are the longitudinal spin transfer G\l{z) and the transverse spin transfer // \r(z). We also have 4 twist-3 that lead to induced 
polarization of hadron and 2 twist-4 FFs that are addenda to the longitudinal and transverse spin transfer respectively. 


C. Spin-1 


For spin-1 hadrons, we have the spin independent part, the vector polarization dependent part and the tensor polarization 
dependent part. The spin independent and vector polarization dependent parts take exactly the same forms as those presented in 
Sec. Ill A and IIIB. Here, we present the tensor polarization dependent part only. 

To obtain the tensor polarization dependent part, we construct basic Lorentz covariants by using, besides p a , k F±a and n„, the 
Lorentz scalar S ll, Lorentz vector S lt , and Lorentz tensor S rr- We note that the tensor polarization is expressed in terms 
of S ll, S m lt and S^ T in the following way, i.e., 


T» v = 

ll \m> m 


v I 
LT 




M t .. v i 1 / M \2 -I 

- n^S it H— Sll\ — ) n M n \, 

2 p + LT t, LL \ n +> y 


(3.27) 


where we used the anti-commutation symbol A^B v<i = A 1 'B v + A V B M , and g' p = g^ v - n^n v - n l 'n v . This is useful to specify the 
twists of the corresponding terms. In this way, we obtain the most general decomposition for the tensor polarization dependent 
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part as given by, 
0) 


zE TI0) (z, k F± ; p,S) = M\S ll E ll (z , k F± ) + kp± J LT Ef T (z, k F± ) + kr± ^ kp± > 

zZ no \z,k F± -,p,S ) = M[^-E'£(z,k F J + £xkFa ^f TT E^ r (z,k F± )\, 

)] (z,k F± -, p,S) - p + h a [s LL D lLL (z,k F± ) + kpl ~^ ' T 


'■ n(z, * F j], 


(3.28) 

(3.29) 




l • Slt „j_ , , , k F ± ■ Stt • k F± . n 

— D lLT (z,k F± ) + — D lTT (z, &f_l)J 

k F ±a[S llDll(Z, k F± ) 4———-J 


,*no) 


„j_ , , . k F± ■ Stt ■ k F± . n 

^-'^LT-te *FJ.) + - Jp - D Tt(z > 

+ MS LTaDuriz., kp_ l) 4 - kf’ F± S TTpaD'^ T (z, k F± ) 

M" r k p | ‘Sit . Ar/r i • S tt ’ kp \ , n 

+ — *«[SizZ)3lz.(z,*f.j.) + M Oir ir (z,k F± ) + ™ F± D$ TT (z,k F± )\, 

, + r s\ F±S lT . S_ LkF± pk F _Lo-S P T r . l 

(z,k F± -,p,S) = G|„.(Z,^ ± ) + A/ , rr Gf rr (z,^)] 

,o r c k F± -S L T ± k F± -S r r-k F 

e±aplc F± [S ll G ll + -—- G LT (z,k F± ) + -—;- 

**• a P i \ . 1 C per s~i/ \ / , \ 


(3.30) 


TT ' K F± ± I 

— L ~ “ M M 2 G rr(-M 

+ MSj_apS ^F±) £ ±ap^F±o~S j,jiG yy(z, ^F±) 

M 2 \E k l ±Su ( ; A 1 E±k F± pk F ±o-S FT e ; J 

+ p + Wq 1 M G 3 G 3tt (z, &F_l)J, 

,—7(0), rt\ / :>+ ”[p e J-Q']o-^Fj. r„ TjA.fi \ k F ±-S L t u± , , , k F j_ ■ Stt ■ k F± , , , .1 

z-pa \z,k F± -p,S) =-—-|SlL# 1LL (Z>*FU.) +- — - H lLT (z,k F± ) + -^-H 17t (z,&F_l)J 


(3.31) 


P +n ro£j„io-£FjA5' ~~ 

+ P + «|pex a] ^^lIT(Z,*Fx) + ---^ -^ff^(z,*Fx) 

+ Me ±ptt [S/,/.// ; ,/Xz,^FF) + kf± ^ LT H FT (z,k F± ) 4 : ><rx — g^rfe, fc F±)] 

+ ^4 e ^ SlT ^rfofcFj + 


-HI 


’rriz, £f_l)] 


M 2 ( n[p s J-ff]o-^Fj. Tc rj-L / , N , k F± ■ S LT , J x : k F± ■ S TT ■ k F± u± f t | 

”{ X7 pLL^3Zifc ^FJ.) + — H 3LT (z,k F _l) 4 — H yrr (z, ^Ff)| 


M 


+ n [p s ±a]lT S J T H 3LT (z, k F± ) + *fx)). (3.32) 

We see that there are totally 40 tensor polarization dependent TMD FFs, 10 contribute at twist-2, 20 at twist-3 and the other 10 
at twist-4. Among them, 24 (those related to E P(0) and Ejj^) are T-odd and the other 16 are T-< 

We integrate over d 2 k F± and obtain, 


-even. 


zE T(0 \z-,p,S) = MS ll E ll (z), 
zH n0) (z; p,S) = 0, 

M 2 

zH^ (0 '(z; p,S ) = p + n a S llD\ll(z) + MS LTaE>LT(z,k FA _) + —^n a S llDhl(z), 


zE T a (0 \z;p,S) - Ms ±ap S p LT G LT (z), 
zZ T pa \z\ P,S) = p + n [p E ±a]a .S 


M 2 

/ / H ] /;/ (z) 4- M F p F( yS ITHi i (z) + -—^n\pE Fi ,\ (T S i p H 3LT (z.) . 


(3.33) 

(3.34) 

(3.35) 

(3.36) 

(3.37) 


Here, again, these one dimensional FFs are just equal to the corresponding three dimensional FFs integrated over 
following four exceptions, 

Dl t(z) = J y^r{ D Lr(z, k F± ) + 2 j^Dlt(.z, k F _ l)), 

Glt(z) = j ' -^r(G LT (z,k F± ) + ^Gt r (z,k F± )), 


d 2 k F j_ with the 

(3.38) 

(3.39) 
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HuAz) = J ^^(H lLT (z,k F ±) + ^Hf LT (z,k F A), (3.40) 

Hy-r(z) = J H 3LT (z,k P± ) + j^HvAz, k FA _)\ (3.41) 

We list those twist-2 FFs in table I, and twist-3 in table II. Those at twist-4 have the same structure of those at twist-2, so we 
will not make a separate table for them. We also list them accordi ng to chiral and time-reversal properties in table III. _ 


IV. SUMMARY AND DISCUSSION 

In summary, we presented the results of the general decom¬ 
position of quark-quark correlator for fragmentation of quark 
to hadrons with spin 0, 1/2 and 1 respectively. We showed 
that the correlator is in general expressed as a sum of a spin 
independent part, a vector polarization dependent part and a 
tensor polarization dependent part. For spin-0 hadrons, only 
the spin independent part is needed, for spin-1/2 hadrons, the 
spin independent part and the vector polarization dependent 
part are involved, while for spin-1 hadrons, all the three parts 
are necessary. The general decomposition leads to totally 72 
components of TMD FFs, 8 from spin independent part, 24 
from the vector polarization dependent part and the other 40 
from the tensor polarization dependent part. Among them, 18 
contribute at leading twist, 36 contribute at twist-3 and the 
other 18 at twist-4; exactly half of them (36) are T-odd, the 
other half are T-even; also half are ^-odd and the other half 
are ^-even. 

These TMD FFs are used in describing a semi-inclusive 


high energy reaction (see e.g. [12, 13]). We would like to note 
that usually for a complete description of a semi-inclusive re¬ 
action, the quark-quark correlator is not sufficient. One usu¬ 
ally needs quark-/-gluon-quark correlator, too (j — 1,2,... 
represents the number of gluons). For example, to make a 
complete calculation up to twist 3, besides the quark-quark 
correlator discussed here, one needs the quark-gluon-quark 
correlator. These contributions should be taken into account 
simultaneously. 
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TABLE I: The 18 leading twist components of the FFs for quark fragments to spin-1 hadrons 


quark 

polarization 

hadron 

polarization 

TMD FFs 

integrated over k F± 

name 


U 

Di(z,k F± ) 

DA) 


number density 


T 

Df T (z,k F ± ) 

X 



U 

LL 

DiLL(z,k F± ) 

D ]U Xz) 


spin alignment 


LT 

Df LT (z,k F j.) 

X 




TT 

D lTT (z, &F-l) 

X 




L 

G lL (z,k F± ) 

Giz,(z) 


spin transfer (longitudinal) 


T 

Gf T (z,k F J 

X 



L 

LT 

G 1 kf±) 

X 




TT 

G lTT (z, kp±) 

X 




U 

Hf(z,k F± ) 

X 


Collins function 


Till) 

H\t{z , k F± ) 



spin transfer (transverse) 


T(±) 

Hf T (z,k F± ) 

HMz) 



T 

L 

Hf L {z,k F i.) 

X 




LL 

Hf LL (z,k F± ) 

X 




LT 

HiLr(z,k F± ), Hf L[ (z,k F± ) 

HuAz) 




TT 

H lTT (z, kp±), H lTT (z,k F± ) 

X, X 
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TABLE II: The 36 twist-3 components of the FFs for quark fragments to spin-1 hadrons 


quark 

polarization 

hadron 

polarization 

TMD FFs 

integrated over k F± 


U 

E(z,k F± ), D\z,k F± ) 

E(z), x 


L 

Df(z,k F± ) 

X 

U 

T 

Ej{z, k F± ), D T (z, k F± ), D^(z,k F± ) 

x, D t (z) 

LL 

E L dz,k F± ), D LL (z,k F± ) 

E L l(z), x 


LT 

E ft (z, k F± ), D lt (z, k F _ l), D^ t (z, k F± ) 

x, Dlt(z ) 


TT 

E ft (z, k F± ), D^ t (z, k F± ), D'^ t (z, k F± ) 

X, X, X 


U 

G\z,k F± ) 

X 


L 

E l (z, k F ±), Gi(z,k F± ) 

E l (z), x 

L 

T 

E t (z, k F± ), G t {z, k F± ), G$(z,k F± ) 

X, G t (z) 

LL 

Gi L (z,k F± ) 

X 


LT 

E’ ft (z, k F± ), G lt {z, k F± ), G^ t (z, k F± ) 

X, G, t (z) 


TT 

E'y T (z, k F± ), G ft (z, k F ±), G' ft (z, k F ±) 

X, X, X 


U 

H(z,k F± ) 

mz) 


L 

H L (z,k F± ) 

H(z) 


nil) 

H F (z,k F± ) 

X 

T 

mi 

H' F (z,k Fi _) 

X 


LL 

H LL (z,k F± ) 

H ll (z) 


LT 

H£ T (z,k F± ),H£(z,k F± ) 

X, X 


TT 

H ft (z, k F± ), Hf T (z, k F± ) 

X, X 

TABLE III: Chiral and time reversal properties of TMD FFs from quark-quark correlator 


quark hadron 

chiral-even 


chiral-odd 


polarization polarization 

T-even 

T-odd 

T-even 

T-odd 

U 

D u £>\ D 3 


E 




L 


E>t 




U 

T 


Df T , D t , Dj, D^ t 


E} 



LL 

Dill, D L l, D 3L l 


Ell 




LT 

D\lt’ D li , D lt , D iLT 


F ± 

^ LT 




TT 

Df TT , D^ t , D^~ t , D^ tt 


Ej T 




U 


G L 





L 

Gil, G£, G 3L 



E l 


L 

T 

Gtr, Gt, G f , G^ t 



Ej 



LL 


Gi L 





LT 


G f LT , G lt , Gf T , G^ lt 

f , a - 

^ LT 




TT 


Q± (~f^ 

E'fj. 




U 




Hf, H, Hf 



L 



H\ l . H u Hf, 




mi) 



Hi T , H$, H 3T 




T(- L) 



// ,J - //- 1 - 




LL 




Hill > Hll, H iLL 



LT 




Hilt , Hf LT , Hf T , 

H'-, H 3 lt, K t 


TT 




JJL // ,J - //"*- 

H' 1 ' //-*- H ,A ~ 
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